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KA¨HLER-NORDEN STRUCTURES ON
HOM-LIE GROUPS AND HOM-LIE ALGEBRAS
E. PEYGHAN, L. NOURMOHAMMADIFAR, A. MAKHLOUF AND A. GEZER
Abstract. In the present paper, we describe two geometric notions, holomorphic Norden structures and
Ka¨hler-Norden structures on Hom-Lie groups, and prove that on Hom-Lie groups in the left invariant
setting, these structures are related to each other. We study Ka¨hler-Norden structures with abelian
complex structures and give the curvature properties of holomorphic Norden structures on Hom-Lie
groups. Finally, we show that any left-invariant holomorphic Hom-Lie group is a flat (holomorphic
Norden Hom-Lie algebra carries a Hom-Left-symmetric algebra) if its left-invariant complex structure
(complex structure) is abelian.
1. Introduction
An almost complex structure on a 2n-dimensional manifold M is a field J satisfying J2 = −Id. A
Ka¨hler-Norden manifold can be considered as a triple (M, g, J) which consists of a smooth manifold
M endowed with a Riemannian metric g and an almost complex structure J such that ∇J = 0 where
∇ is the Levi-Civita connection of g and the metric g is assumed to be Anti-Hermitian(Norden), i.e.,
g(JX, JY ) = −g(X,Y ) for all vector fields X and Y onM . This kind of manifolds have been also studied
under the names: Ka¨hlerian manifolds with Norden (or B) metrics, anti-Ka¨hler manifolds (see [7, 8, 25]).
The structure group of Ka¨hler-Norden manifolds is the complex orthogonal group O(n,C) and these
manifolds have become an important area of research recently, mainly because of their applications in
theoretical physics. For example Andrzej Borowiec, Mauro Francaviglia, Marco Ferraris and Igor Volovich
proved that there is a one-to-one correspondence between (Einstein) holomorphic-Riemannian manifolds
and (Einstein) anti-Ka¨hlerian manifolds [1, 2]. The curvature properties of anti-Kahler manifolds have
been studied in [11, 20, 26]. Other strong motivation to study anti-Ka¨hler manifolds comes from the
spinor geometry and geometric analysis on anti-Ka¨hler manifolds and the generalized geometry of anti-
Hermitian manifolds as complex Lie algebroids over anti-Ka¨hler manifolds [4, 5, 18]. When the manifold
is a Lie group G, the metric and the complex structure are considered left-invariant, where they are
both determined by their restrictions to the Lie algebra g of G. In this situation, (g, ge, Je) is called
a anti-Ka¨hler Lie algebra. Anti-Ka¨hler geometry on Lie groups have been studied by Edison Alberto
Ferna´ndez-Culma and Yamile Godoy [6].
The notion of Hom-Lie algebras was introduced by Hartwig, Larsson and Silvestrov in the study of
σ-deformations of the Witt and Virasoro algebras in [9]. Indeed, some q-deformations of the Witt and the
Virasoro algebras have the structure of a Hom-Lie algebra [9, 10]. Based on the close relation between
the discrete, deformed vector fields and differential calculus, this algebraic structure plays an important
role in research fields [9, 13, 15, 16, 17, 21]. Moreover, Recently, many scholars are very interested in the
geometric problems over Hom-Lie algebras, such as infinite-dimensional Hom-Lie algebras, the classical
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Hom-Yang-Baxter equation [24], para-Ka¨hler and complex and Ka¨hler structures on hom-Lie algebras
[21, 22], complex product structures on Hom-Lie algebras and Hom-left symmetric algebroids [19, 23]
and Hom-Novikov algebras was introduced and studied by Yau in [27].
The concept of Hom-groups was introduced as a non-associative analogue of a group in [14]. Then
in [12], J. Jiang, S. Mishra, and Y. Sheng modified the axioms in the definition of Hom-group which is
different from the one in [14]. New definition leads to a Hom-Hopf algebra structure on the universal
enveloping algebra of a Hom-Lie algebra and a Hom-group is associated to any Hom-Lie algebra by
considering group-like elements in its universal enveloping algebra. Also, they introduced the notion
of a Hom-Lie group. In fact, a Hom-Lie group is considered as a Hom-group (G, ⋄, eΦ,Φ), where the
underlying set G is a (real) smooth manifold, the Hom-group operations (such as the product and the
inverse) are smooth maps, and the underlying structure map Φ : G → G is a diffeomorphism. Also a
Hom-Lie algebra is associated to a Hom-Lie group by considering the notion of left-invariant sections of
the pullback bundle Φ!TG.
This work is intended as an attempt to study two geometric notions, holomorphic Norden structures
and Ka¨hler-Norden structures on Hom-Lie groups, to motivate on Hom-Lie groups in the left invariant
setting, these structures are related to each other. We study Ka¨hler-Norden structures with abelian
complex structures and give the curvature properties of holomorphic Norden structures on Hom-Lie
groups.
The paper is organized as follows. In Section 2, we recall notions of Hom-algebra, Hom-Lie alge-
bra, Hom-group and Hom-Lie group. In Section 3, we study complex and Norden structures, pseudo-
Riemannian metric and connections on Hom-Lie groups and Hom-Lie algebras. Also, we give examples
of these structures. Then we present the theory of Tachibana operators for Hom-Lie group and Hom-
Lie algebras and then give the notion of a holomorphic tensor on them. In Section 4, we introduce
left-invariant Ka¨hler-Norden structures on Hom-Lie groups and Ka¨hler-Norden structures on Hom-Lie
algebras and present examples of these structures. We also study Ka¨hler-Norden structures on Hom-Lie
group and Hom-Lie algebras that their complex structure is abelian. Moreover, we describe Twin Norden
metric of Hom-Lie groups and Hom-Lie algebras. In Section 5, we give the definition of a left-invariant
holomorphic Norden Hom-Lie group (a holomorphic Norden Hom-Lie algebra). We show that there ex-
ist a one-to-one correspondence between left invariant Ka¨hler-Norden Hom-Lie groups (Ka¨hler-Norden
Hom-Lie algebras) and left-invariant holomorphic Norden Hom-Lie groups ( holomorphic Norden Hom-
Lie algebras). Finally, we present some properties of the Riemannian curvature tensor of a left-invariant
holomorphic Norden Hom-Lie group ( a holomorphic Norden Hom-Lie algebra) using the generalization
of Tachibana operators, in Section 6. Also, we show that any left-invariant holomorphic Hom-Lie group is
a flat (holomorphic Norden Hom-Lie algebra carries a Hom-Left-symmetric algebra ) if its left-invariant
complex structure (complex structure) is abelian.
In this paper, we work over the real field R and the complex field C. In general case, it is denoted by
K.
2. Basic concepts on Hom-Lie groups
Definition 2.1. [21] A Hom-algebra is a triple (V, ·, φV ) consisting of a linear space V , a bilinear map
(product) · : V × V → V and an algebra morphism φV : V → V .
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Definition 2.2. [15] A Hom-Lie algebra is a triple (g, [·, ·]g, φg) consisting of a linear space g, a bilinear
map (bracket) [·, ·]g : g× g→ g and an algebra morphism φg : g→ g satisfying the following hom-Jacobi
identity:
[u, v]g = −[v, u]g, 	u,v,w [φg(u), [v, w]g]g = 0,
for any u, v, w ∈ g, where 	 is the symbol of cyclic sum. The second equation is called Hom-Jacobi
identity.
The Hom-Lie algebra (g, [·, ·]g, φg) is called regular Hom-Lie algebra (respectively, involutive Hom-Lie
algebra), if φg is non-degenerate (respectively, satisfies φg
2 = Idg). It is known that a Lie algebra (g, [·, ·]g)
with φg = Idg is a Hom-Lie algebra. We call (g, [·, ·]g, φg) proper Hom-Lie algebra if φg 6= Idg.
Definition 2.3. [12] A Hom-group is a set G equipped with a product ⋄ : G × G → G, a bijective map
Φ : G→ G such that the following axioms are satisfied:
(i) Φ(a ⋄ b) = Φ(a) ⋄ Φ(b),
(ii) the product is Hom-associative, i.e., Φ(a) ⋄ (b ⋄ c) = (a ⋄ b) ⋄ Φ(c),
(iii) there exists a unique Hom-unit eΦ ∈ G such that a ⋄ eΦ = eΦ ⋄ a = Φ(a),
(iv) for each a ∈ G there exists an element a−1 satisfying the condition a ⋄ a−1 = a−1 ⋄ a = eΦ,
for any a, b, c ∈ G. We denote a Hom-group by (G, ⋄, eΦ,Φ).
Definition 2.4. [12] A real Hom-Lie group is a Hom-group (G, ⋄, eΦ,Φ), in which G is also a smooth
real manifold, the map Φ : G → G is a diffeomorphism, and the Hom-group operations (product and
inversion) are smooth maps.
Assume (G, ⋄, eΦ,Φ) is a Hom-Lie group. The pullback map Φ
∗ : C∞(G)→ C∞(G) is a morphism of
the function ring C∞(G), i.e.,
Φ∗(fg) = Φ∗(f)Φ∗(g), ∀f, g ∈ C∞(G).
Let A→ G be a vector bundle of rank n. Denote by Γ(A) the C∞(G)-module of sections of A → G. A
hom-bundle is a triple (A→ G,Φ, φA) consisting of a vector bundle A→ G, the smooth map Φ : G→ G
and an algebra morphism φA : Γ(A)→ Γ(A) satisfying
φA(fx) = Φ
∗(f)φA(x),
for any x ∈ Γ(A) and f ∈ C∞(G) (in this case, φA is called a Φ
∗-function linear). Consider the tangent
bundle TG of the manifold G, we denote by Φ!TG, the pullback bundle of the tangent bundle TG
along the diffeomorphism Φ : G → G. Triple (Φ!TG,Φ, AdΦ∗) is an example of hom-bundles, where
AdΦ∗ : Γ(Φ
!TG)→ Γ(Φ!TG) is given by
AdΦ∗(x) = Φ
∗ ◦ x ◦ (Φ∗)−1,
for any x ∈ Γ(Φ!TG) [3]. Note that Γ(Φ!TG) can be identified with DerΦ∗,Φ∗(C
∞(G)), i.e.
x(fg) = x(f)Φ∗(g) + Φ∗(f)x(g), ∀x ∈ Γ(Φ!TG), ∀f, g ∈ C∞(G).
The linear map AdΦ∗ : Γ(Φ
!TG) → Γ(Φ!TG) given in a hom-bundle (Φ!TG → G,Φ, AdΦ∗) can be
extended to a linear map from Γ(∧kΦ!TG) to Γ(∧kΦ!TG) for which we use the same notation AdΦ∗ via
AdΦ∗(x) = AdΦ∗(x1) ∧ . . . ∧ AdΦ∗(xk), ∀x = x1 ∧ . . . ∧ xk ∈ Γ(∧
kΦ!TG).
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If we denote the inverses of Φ and AdΦ∗ by Φ
−1 and Ad(Φ∗)−1 , respectively, it is easy to see that
Ad(Φ∗)−1(fX) = (Φ
∗)−1(f)Ad(Φ∗)−1(X), ∀f ∈ C
∞(G), x ∈ Γ(∧kΦ!TG).
So (Φ!TG,Φ−1, Ad(Φ∗)−1) is a hom-bundle. In the sequel, we denote by Φ
!T ∗G the dual of the pullback
bundle Φ!TG. We consider Ad†Φ∗ : Γ(∧
kΦ!T ∗G)→ Γ(∧kΦ!T ∗G) that is defined by
(Ad†Φ∗(ξ))(x) = Φ
∗ξ(Ad(Φ∗)−1(x)), ∀x ∈ Γ(∧
kΦ!TG), ξ ∈ Γ(∧kΦ!T ∗G).
From the above equation, we can conclude the following
Ad
†
Φ∗(fξ) = Φ
∗(f)Ad†Φ∗(ξ).
Therefore (∧kΦ!T ∗G,Φ, Ad†Φ∗) is a hom-bundle.
Theorem 2.5. Let G be a smooth manifold. Then (Γ(Φ!TG), [·, ·]Φ, AdΦ∗) is a Hom-Lie algebra, where
the Hom-Lie bracket [·, ·]Φ and the map φ : Γ(Φ
!TG)→ Γ(Φ!TG) are defined as follows:
φ(x) = AdΦ∗(x) = Φ
∗ ◦ x ◦ (Φ−1)∗,
[x, y]Φ = Φ
∗ ◦ x ◦ (Φ−1)∗ ◦ y ◦ (Φ−1)∗ − Φ∗ ◦ y ◦ (Φ−1)∗ ◦ x ◦ (Φ−1)∗,
for any x, y ∈ Γ(Φ!TG).
The above Theorem is Theorem 3.6 of [12] only the difference is that in [12], authors consider the
following relations for AdΦ∗ and [·, ·]Φ:
φ(x) =(Φ−1)∗ ◦ x ◦ Φ∗ = Ad(Φ−1)∗ ,
[x, y]Φ =(Φ
−1)∗ ◦ x ◦ (Φ−1)∗ ◦ y ◦ Φ∗ − (Φ−1)∗ ◦ y ◦ (Φ−1)∗ ◦ x ◦ Φ∗.
Definition 2.6. [12] Let (G, ⋄, eΦ,Φ) be a Hom-Lie group. A smooth section x ∈ Γ(Φ
!TG) is called
left-invariant if x satisfies the following equation:
xa = (la ◦ Φ
−1)∗eΦ (xeΦ ),
or
x(f)(a) = x(f ◦ la ◦ Φ
−1)(eΦ),
for any a ∈ G and f ∈ C∞(G), where la : G→ G is a smooth map given by lab = a ⋄ b for any b ∈ G.
Theorem 2.7. [12] The space ΓL(Φ
!TG) of left-invariant sections of the pullback bundle Φ!TG is a
Hom-Lie subalgebra of the Hom-Lie algebra (Γ(Φ!TG), [·, ·]Φ, φ).
Remark 2.8. Let (G, ⋄, eΦ,Φ) be a Hom-Lie group and g
! be the fibre of eΦ in the pullback bundle Φ
!TG.
Then Φ!TeΦG = g
! and also g! is in one-to-one correspondence with ΓL(Φ
!TG) (see Lemma 3.11 in [12],
for more details). Moreover, defining a bracket [·, ·]g! and a vector space isomorphism φg! : g
! → g! by
[x(eΦ), y(eΦ)]g! =[x, y]Φ(eΦ),
φg!(x(eΦ)) =(φ(x))(eΦ),
for all x, y ∈ ΓL(Φ
!TG). The triple (g!, [·, ·]g! , φg!) is a Hom-Lie algebra that is isomorphic to the Hom-Lie
algebra (ΓL(Φ
!TG), [·, ·]Φ, φ).
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Definition 2.9. Let (G, ⋄, eΦ,Φ) be a Hom-Lie group. A smooth section ω ∈ Γ(Φ
!T ∗G) is called left-
invariant if
ωa = (la ◦ Φ
−1)∗eΦ(ωeΦ),
for any a ∈ G, where ((la ◦ Φ
−1)∗ω)(x) = ω((la ◦ Φ
−1)∗x). We denote by ΓL(Φ
!T ∗G), the space of these
left-invariant sections.
A tensor T of type (p, q) or a (p, q)-tensor on a Hom-Lie group (G, ⋄, eΦ,Φ) is a Φ
∗-function linear
mapping
T : Γ(Φ!T ∗G)× · · · × Γ(Φ!T ∗G)︸ ︷︷ ︸
p
× Γ(Φ!TG)× · · · × Γ(Φ!TG)︸ ︷︷ ︸
q
→ C∞(G).
This means that given y1, . . . , yq ∈ Γ(Φ
!TG) and θ1, · · · , θp ∈ Γ(Φ!T ∗G), T (θ1, · · · , θp, y1, · · · , yq) is a
differentiable function on G and that T is Φ∗-function linear in each argument, i.e.,
T (θ1, · · · , θp, y1, · · · , fx+ y, · · · , yq) =Φ
∗(f)T (θ1, · · · , θp, y1, · · · , x, · · · , yq)
+ T (θ1, · · · , θp, y1, · · · , y, · · · , yq),
and
T (θ1, · · · , fθ + η · · · , θp, y1, · · · , yq) =Φ
∗(f)T (θ1, · · · , θ · · · , θp, y1, · · · , yq)
+ T (θ1, · · · , η · · · , θp, y1, · · · , yq),
for any x, y ∈ Γ(Φ!TG) and θ, η ∈ Γ(Φ!T ∗G). We denote the set of tensors of type (p, q) by T pq (Γ(Φ
!TG)).
Also, the set of tensors of type (p, q) on (g!, [·, ·]g! , φg!) is denoted by T
p
q (g
!).
Lemma 2.10. Let (G, ⋄, eΦ,Φ) be a Hom-Lie group. There is an isomorphism between T
p+1
q (Φ
!TG) and
the space of Φ∗-function linear maps
Γ(Φ!T ∗G)× · · · × Γ(Φ!T ∗G)︸ ︷︷ ︸
p
× Γ(Φ!TG)× · · · × Γ(Φ!TG)︸ ︷︷ ︸
q
→ Γ(Φ!TG),
which we denote this space by Lp,q(Φ
!T ∗G,Φ!TG; Φ!TG).
Proof. We consider the map Ψ : Lp,q(Φ
!T ∗G,Φ!TG; Φ!TG)→ T p+1q (Φ
!TG) given by
Ψ(F )(ω, θ1, · · · , θp, x1, · · · , xq) =Φ
∗(ω(F (Ad†(Φ∗)−2(θ
1), · · · , Ad†(Φ∗)−2(θ
p), Ad(Φ∗)−2(x1), · · · ,
Ad(Φ∗)−2(xq)))).
It is easy to see that Ψ is an isomorphism. 
Definition 2.11. A tensor T ∈ T pq (Γ(Φ
!TG)) is called left-invariant if we have
T ((la ◦ Φ
−1)∗eΦ((θ
1)eΦ), · · · , (la ◦ Φ
−1)∗eΦ((θ
p)eΦ), (la ◦ Φ
−1)∗eΦ ((x1)eΦ), · · · , (la ◦ Φ
−1)∗eΦ ((xq)eΦ))
= T ((θ1)eΦ , · · · , (θ
p)eΦ , (x1)eΦ , · · · , (xq)eΦ),
for any θ1, · · · , θp ∈ Γ(Φ!T ∗G) and x1, · · · , xq ∈ Γ(Φ
!TG).
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Remark 2.12. If T is a left-invariant tensor of type (p, q) on a Hom-Lie group (G, ⋄, eΦ,Φ), then using
Definitions 2.6 and 2.9 we get
T ((θ1)a, · · · , (θ
p)a, (x1)a, · · · , (xq)a),= T ((θ
1)eΦ , · · · , (θ
p)eΦ , (x1)eΦ , · · · , (xq)eΦ), ∀a ∈ G,
where θ1, · · · , θp ∈ Γ(Φ!T ∗G) and x1, · · · , xq ∈ Γ(Φ
!TG). So, the restriction of T on left-invariant
sections is constant.
3. Norden structures on Hom-Lie algebras
Definition 3.1. An almost complex structure on a Hom-Lie group (G, ⋄, eΦ,Φ) is a (1, 1)-tensor field
J : Φ!TG → Φ!TG such that (AdΦ∗ ◦ J)
2 = −Id
Φ!TG
and AdΦ∗ ◦ J = J ◦ AdΦ∗ . Moreover, if for all
x ∈ ΓL(Φ
!TG) we have J ◦x ∈ ΓL(Φ
!TG), then J is called a left-invariant almost complex structure. The
left-invariant almost complex structure is integrable (left-invariant complex structure) if the Nijenhuis
torsion NAdΦ∗◦J of AdΦ∗ ◦ J defined by
Nφ
g!
◦J (x, y) = [(AdΦ∗ ◦ J)x, (AdΦ∗ ◦ J)y]−AdΦ∗ ◦ J [(φg! ◦ J)x, y]
−AdΦ∗ ◦ J [x, (AdΦ∗ ◦ J)y]− [x, y],(3.1)
for any x, y ∈ ΓL(Φ
!TG), is zero.
According to Remark 2.8, we can define a left-invariant almost complex structure on a Hom-Lie group
as follows:
Definition 3.2. A left invariant almost complex structure on the Hom-Lie group (G, ⋄, eΦ,Φ) (or an
almost complex structure on a Hom-Lie algebra (g!, [·, ·]g! , φg!) ), is an isomorphism J : g
! → g! that
satisfies (φg! ◦ J)
2 = −Idg! and φg! ◦ J = J ◦ φg! .
We denote an almost complex Hom-Lie algebra by (g!, [·, ·], φg! , J). If the n-dimensional Hom-Lie
algebra g! admits an almost complex structure J , then
(det(φg! ◦ J))
2 = det((φg! ◦ J)
2) = det(−Idg!) = (−1)
n,
which implies that n is even.
Definition 3.3. Let (G, ⋄, eΦ,Φ) be a Hom-Lie group. A (0, 2)-tensor symmetric and non-degenerate
〈·, ·〉 : Γ(Φ!TG)×Γ(Φ!TG)→ C∞(G) is called a pseudo-Riemannian metric if it is a left-invariant tensor,
i.e.,
〈AdΦ∗(x), AdΦ∗ (y)〉 = Φ
∗〈x, y〉,
for any x, y ∈ Γ(Φ!TG). Moreover, 〈·, ·〉 is called a left-invariant pseudo-Riemannian metric if
〈(la ◦ Φ
−1)∗eΦ (xeΦ), (la ◦ Φ
−1)∗eΦ (yeΦ)〉a = 〈xeΦ , yeΦ〉eΦ ,
for all x, y ∈ ΓL(Φ
!TG).
Remark 3.4. According to Remark 2.8 and Definition 3.3, we conclude that a left-invariant pseudo-
Riemannian metric on a Hom-Lie group (G, ⋄, eΦ,Φ) (or a pseudo-Riemannian metric on a Hom-Lie
algebra (g!, [·, ·], φg!)) is a Φ
∗-function linear symmetric non-degenerate form 〈·, ·〉 such that
〈φg!(x), φg!(y)〉 = 〈x, y〉,
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fro any x, y ∈ g!. In this case, (G, ⋄, eΦ,Φ, 〈·, ·〉) (or (g
!, [·, ·], φg!), 〈·, ·〉) is called a left-invariant pseudo-
Riemannian Hom-Lie group (or a pseudo-Riemannian Hom-Lie algebra). Also, if φ2
g!
= Idg! , then we
have
(3.2) 〈φg!(x), y〉 = 〈x, φg!(y)〉,
for any x, y ∈ g!. Changing g! to g and φg! to φg, we have the definition of a pseudo-Riemannian metric
on a Hom-Lie algebra (g, [·, ·]g, φg) [21].
Definition 3.5. A linear connection on a Hom-Lie group (G, ⋄, eΦ,Φ) is a map

∇ : Γ(Φ!TG)× Γ(Φ!TG))→ Γ(Φ!TG))
(x, y) −→ ∇xy
,
with the following properties:
i) ∇x+yz = ∇xz +∇yz,
ii) ∇fxy = Φ
∗(f)∇xy,
iii) ∇x(y + z) = ∇xy +∇xz,
iv) ∇x(fy) = Φ
∗(f)∇xy +AdΦ∗(x)(f)AdΦ∗y,
for any f ∈ C∞(G), x, y, z ∈ Γ(Φ!TG).
Theorem 3.6. Let (G, ⋄, eΦ,Φ, 〈·, ·〉) be a pseudo-Riemannian Hom-Lie group. Then there exists the
unique connection ∇ on it which is characterized by the following properties:
(i) ∇ is symmetric, i.e.,
[x, y]Φ = ∇xy −∇yx,
(ii) ∇ is compatible with 〈·, ·〉 , i.e.,
AdΦ∗(x) < y, z >=< ∇xy,AdΦ∗(z) > + < AdΦ∗(y),∇xz >,
for any x, y, z ∈ Γ(Φ!TG). This connection is called the Hom-Levi-Civita connection.
Proof. Considering ∇ as
2〈∇xy,AdΦ∗(z)〉 =AdΦ∗(x)〈y, z〉+AdΦ∗(y)〈z, x〉 −AdΦ∗(z)〈x, y〉(3.3)
+ 〈[x, y]Φ, AdΦ∗(z)〉+ 〈[z, x]Φ, AdΦ∗(y)〉+ 〈[z, y]Φ, AdΦ∗(x)〉,
it is easy to see that ∇ satisfies in the properties of Definition. Also, the above equation gives us
〈∇xy −∇yx,AdΦ∗(z)〉 = 〈[x, y]Φ, AdΦ∗(z)〉,
which implies (i). In the similar way, we can deduce (ii). Finally (3.3) shows the uniqueness of ∇. 
Formula (3.3) given in the above theorem is called Koszul’s formula.
Definition 3.7. A linear connection ∇ on a Hom-Lie group (G, ⋄, eΦ,Φ) is called left-invariant if for all
x, y ∈ ΓL(Φ
!TG) we have ∇xy ∈ ΓL(Φ
!TG).
8 E. PEYGHAN, L. NOURMOHAMMADIFAR AND A. MAKHLOUF
Remark 3.8. If 〈·, ·〉 is a left-invariant pseudo-Riemannian metric on a Hom-Lie group (G, ⋄, eΦ,Φ),
then using Remark 2.12, 〈x, y〉 is a constant for all x, y ∈ ΓL(Φ
!TG), and so we get AdΦ∗(z)〈x, y〉 = 0.
Therefore Koszul’s formula reduces to the following
2〈∇xy,AdΦ∗(z)〉 = 〈[x, y]Φ, AdΦ∗(z)〉+ 〈[z, x]Φ, AdΦ∗(y)〉+ 〈[z, y]Φ, AdΦ∗(x)〉,
for any x, y, z ∈ ΓL(Φ
!TG).
Remark 3.9. According to Definitions 3.5 and 3.7, we can rewrite the definition of left-invariant con-
nection on a Hom-Lie group (or a connection on a Hom-Lie algebra (g!, [·, ·]g! , φg!)) as follows:
A left-invariant connection on a Hom-Lie group (G, ⋄, eΦ,Φ) (or a connection on a Hom-Lie algebra
(g!, [·, ·]g! , φg!)) is a linear map 

∇ : g! × g! → g!
(x, y) −→ ∇xy
,
with the following properties:
∇fxy = Φ
∗(f)∇xy, ∇x(fy) = Φ
∗(f)∇xy + φg!(x)(f)φg! (y),
for any f ∈ C∞(G) and x, y, z ∈ g!. Also, from Theorem 3.6 and Remark 3.8 we deduce that the linear
connection ∇ given by
(3.4) 2〈∇xy, φg!(z)〉 = 〈[x, y]g! , φg!(z)〉+ 〈[z, y]g! , φg!(x)〉+ 〈[z, x]g! , φg!(y)〉, ∀x, y, z ∈ g
!,
is the unique left-invariant connection (or the unique connection) on a left-invariant pseudo-Riemannian
Hom-Lie group (G, ⋄, eΦ,Φ, 〈·, ·〉) (or pseudo-Riemannian Hom-Lie algebra (g
!, [·, ·]g! , φg!)) such that
(i) [x, y]g! = ∇xy −∇yx, (ii) 〈∇xy, φg!(z)〉 = −〈φg!(y),∇xz〉,(3.5)
for any x, y, z ∈ g!. This connection is called the Hom-Levi-Civita connection on (G, ⋄, eΦ,Φ, 〈·, ·〉) (or
(g!, [·, ·]g! , φg!), 〈·, ·〉). Changing g
! to g and φg! to φg, we have the definition of a linear connection (also,
Hom–Levi-Civita connection) for any arbitrary Hom-Lie algebra (g, [·, ·]g, φg, 〈·, ·〉)).
The total covariant derivative of a (p, q)-tensor T on a Hom-Lie group (G, ⋄, eΦ,Φ, 〈·, ·〉) is a tensor of
order (p, q + 1) given by
(∇xT )(θ
1, · · · , θp, y1, · · · , yq) = ∇xT (θ
1, · · · , θp, y1, · · · , yq)
(3.6)
−
p∑
i=1
T (Ad†Φ∗(θ
1), · · · ,∇xθ
i, · · · , Ad†Φ∗(θ
p), AdΦ∗(y1), · · · , AdΦ∗(yq))
−
q∑
i=1
T (Ad†Φ∗(θ
1), · · · , Ad†Φ∗(θ
p), AdΦ∗(y1), · · · ,∇xyi, · · · , AdΦ∗(yq)),
for all θ1, · · · , θp ∈ Γ(Φ!T ∗G) and x1, · · · , xq ∈ Γ(Φ
!TG). If ∇ is a left-invariant connection on a
Hom-Lie group (G, ⋄, eΦ,Φ, 〈·, ·〉), then using Remark 2.12, T (θ
1, · · · , θp, y1, · · · , yq) is constant, for all
θ1, · · · , θp ∈ Γ(Φ!T ∗G) and x1, · · · , xq ∈ Γ(Φ
!TG). So,
∇xT (θ
1, · · · , θp, y1, · · · , yq) = x(T (θ
1, · · · , θp, y1, · · · , yq)) = 0.
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Therefore, (3.6) reduces to the following:
(∇xT )(θ
1, · · · , θp, y1, · · · , yq) = −
p∑
i=1
T (Ad†Φ∗(θ
1), · · · ,∇xθ
i, · · · , Ad†Φ∗(θ
p), AdΦ∗(y1), · · · , AdΦ∗(yq))
(3.7)
−
q∑
i=1
T (Ad†Φ∗(θ
1), · · · , Ad†Φ∗(θ
p), AdΦ∗(y1), · · · ,∇xyi, · · · , AdΦ∗(yq)),
Remark 3.10. Given (g!)∗ as the dual space of g!, we denote by φ∗
g!
the dual map of the endomorphism
φg! . In this case, according to (3.7), the total covariant derivative of T ∈ T
p
q (g
!) is a tensor of order
(p, q + 1) as follows
(∇xT )(θ
1, · · · , θp, y1, · · · , yq) = −
p∑
i=1
T (φ∗
g!
(θ1), · · · ,∇xθ
i, · · · , φ∗
g!
(θp), φg!(y1), · · · , φg!(yq))(3.8)
−
q∑
i=1
T (φ∗
g!
(θ1), · · · , φ∗
g!
(θp), φg!(y1), · · · ,∇xyi, · · · , φg!(yq)),
for all θ1, · · · , θp ∈ (g!)∗ and x1, · · · , xq ∈ g
!.
Definition 3.11. Let (G, ⋄, eΦ,Φ, J) be a left-invariant almost complex Hom-Lie group(or (g
!, [·, ·]g! , φg! , J)
be an almost complex Hom-Lie algebra). A left-invariant pseudo-Riemannian metric 〈·, ·〉 on G(or a
pseudo-Riemannian metric 〈·, ·〉 on g!) is called Norden metric (anti-Hermitian, B-metric) if
〈(φg! ◦ J)x, (φg! ◦ J)y〉 = −〈x, y〉,
or equivalenty
(3.9) 〈(φg! ◦ J)x, y〉 = 〈x, (φg! ◦ J)y〉,
for all x, y ∈ g!. In this case, we say that (G, ⋄, eΦ,Φ, J, 〈·, ·〉) is a left-invariant almost Norden Hom-Lie
group (or, (g!, [·, ·]g! , φg! , J, 〈·, ·〉) is an almost Norden Hom-Lie algebra). Moreover, if φg! ◦ J is integrable,
then the pair (J, 〈·, ·〉) is called left-invariant Norden structure on G (or, Norden structure on g!).
Remark 3.12. All concepts defined on the Hom-Lie algebra (g!, [·, ·]g! , φg!) of a Hom-Lie group
(G, ⋄, eΦ,Φ) hold for an arbitrary Hom-Lie algebra. So, we study these concepts on Hom-Lie algebras as
examples.
Example 3.13. We consider a 4-dimensional linear space g with an arbitrary basis {e1, e2, e3, e4}. We
define the bracket and linear map φg on g as follows
[e1, e4]g =ae2, [e2, e3]g = ae1,
and
φg(e1) = −e2, φg(e2) = −e1, φg(e3) = e4, φg(e4) = e3.
The above bracket is not a Lie bracket on g if a 6= 0, because
[e2, [e3, e4]g]g + [e3, [e4, e2]g]g + [e4, [e2, e3]g]g = [e4, ae1]g + [e3, ae1]g = −ae2.
It is easy to see that
[φg(e1), φg(e4)]g = −ae1 = φg([e1, e4]g), [φg(e2), φg(e3)]g = −ae2 = φg([e2, e3]g),
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i.e., φg is the algebra morphism. Also, we can deduce
[φg(ei), [ej , ek]g]g + [φg(ej), [ek, ei]g]g + [φg(ek), [ei, ej ]g]g = 0, i, j, k = 1, 2, 3, 4.
Thus (g, [·, ·]g, φg) is a Hom-Lie algebra. We define the metric 〈·, ·〉 of g as follows

A B C D
B A −D −C
C −D −A B
D −C B −A

 .
It follows that 〈φg(ei), φg(ej)〉 = 〈ei, ej〉, for all i, j = 1, 2, 3, 4, hence (i) of (3.5) holds and so
(g, [·, ·]g, φg, 〈·, ·〉) is a pseudo-Riemannian Hom-Lie algebra. Assume that isomorphism J is determined
as
J(e1) = −e3, J(e2) = e4, J(e3) = e1, J(e4) = −e2,
then we have
(J ◦ φg)e1 =− e4 = (φg ◦ J)e1, (J ◦ φg)e2 = e3 = (φg ◦ J)e2,
(J ◦ φg)e3 =− e2 = (φg ◦ J)e3, (J ◦ φg)e4 = e1 = (φg ◦ J)e4.
Thus J is an almost complex structure on (g, [·, ·]g, φg). Also, since Nφg◦J(ei, ej) = 0, for all i, j =
1, 2, 3, 4, J is an complex structure on (g, [·, ·]g, φg). Moreover, we get 〈(φg ◦ J)(ei), (φg ◦ J)(ej)〉 =
−〈ei, ej〉, for all i, j = 1, 2, 3, 4. Thus (g, [·, ·]g, φg, J, 〈·, ·〉) is a Norden Hom-Lie algebra.
Example 3.14. We consider a 4-dimensional Hom-Lie algebra (g, [·, ·]g, φg) with an arbitrary basis
{e1, e2, e3, e4} such that bracket [·, ·]g and linear map φg on g are defined by
[e1, e4]g = ae1 + ae2, [e2, e3]g = ae1 + ae2, [e3, e4]g = −ae3 + ae4,
and
φg(e1) = e2, φg(e2) = e1, φg(e3) = e4, φg(e4) = e3.
The above bracket is not a Lie bracket on g if a 6= 0. Now we consider the metric 〈·, ·〉 of g as follows:

−1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1

 .
It can be checked easily that 〈φg(ei), φg(ej)〉 = 〈ei, ej〉, for all i, j = 1, 2, 3, 4. If isomorphism J is
determined as
J(e1) = e4, J(e2) = e3, J(e3) = −e2, J(e4) = −e1,
a simple calculation shows that
(J ◦ φg)e1 =e3 = (φg ◦ J)e1, (J ◦ φg)e2 = e4 = (φg ◦ J)e2,
(J ◦ φg)e3 =− e1 = (φg ◦ J)e3, (J ◦ φg)e4 = −e2 = (φg ◦ J)e4.
So J is an almost complex structure on (g, [·, ·]g, φg). Also, we see that
〈(φg ◦ J)(ei), (φg ◦ J)(ej)〉 = 〈ei, ej〉, ∀i, j = 1, 2, 3, 4.
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Hence (g, [·, ·]g, φg, J, 〈·, ·〉) is an almost Norden Hom-Lie algebra. It is easy to see that N(e1, e2) 6= 0.
Thus, J is not integrable and consequently (g, [·, ·]g, φg, J, 〈·, ·〉) is not a Norden Hom-Lie algebra.
Example 3.15. Let (g, [·, ·]g, φg) be a Hom-Lie algebra of the dimensional 4 with an arbitrary basis
{e1, e2, e3, e4} where the bracket and linear map φg on g are given by
[e1, e2]g =− e3, [e1, e3]g = e2, [e2, e4]g = e2, [e3, e4]g = e3,
and
φg(e1) = e1, φg(e2) = −e2, φg(e3) = −e3, φg(e4) = e4.
We define the metric 〈·, ·〉 of g as follows

A 0 0 0
0 B 0 0
0 0 −B 0
0 0 0 −A

 .
It is easy to see that 〈φg(ei), φg(ej)〉 = 〈ei, ej〉, for all i, j = 1, 2, 3, 4. Thus (i) of (3.5) holds and so
(g, [·, ·]g, φg, 〈·, ·〉) is a pseudo-Riemannian Hom-Lie algebra. Define isomorphism J as
J(e1) = −e4, J(e2) = −e3, J(e3) = e2, J(e4) = e1,
we deduce that
(J ◦ φg)e1 =− e4 = (φg ◦ J)e1, (J ◦ φg)e2 = e3 = (φg ◦ J)e2,
(J ◦ φg)e3 =− e2 = (φg ◦ J)e3, (J ◦ φg)e4 = e1 = (φg ◦ J)e4.
Thus J is an almost complex structure on (g, [·, ·]g, φg). Also, we obtain
Nφg◦J (ei, ej) = 0, ∀i, j = 1, 2, 3, 4,
i.e., J is an complex structure on (g, [·, ·]g, φg). It is easy to check that 〈(φg ◦ J)(ei), (φg ◦ J)(ej)〉 =
−〈ei, ej〉, for all i, j = 1, 2, 3, 4, and so (g, [·, ·]g, φg, J, 〈·, ·〉) is a Norden Hom-Lie algebra.
Theorem 3.16. Let (J, 〈·, ·〉) be a left-invariant almost Norden structure on a Hom-Lie group (G, ⋄, eΦ,Φ)
(or, an almost Norden structure on a Hom-Lie algebra (g!, [·, ·]g! , φg!)). Then we have
〈φg!(y), (∇x(φg! ◦ J))z〉 = 〈(∇x(φg! ◦ J))y, φg!(z)〉,
for any x, y, z ∈ g!, where ∇ is the left-invariant Hom-Levi-Civita connection on G (or, the Hom-Levi-
Civita connection on g!) and (∇x(φg! ◦ J))y = ∇x(φg! ◦ J)y − (φg! ◦ J)∇xy.
Proof. From (ii) of (3.5), we have
〈∇x(φg! ◦ J)y, φg!(z)〉 = −〈φg!((φg! ◦ J)y),∇xz〉,
〈∇xy, φg!((φg! ◦ J)z)〉 = −〈φg!(y),∇x(φg! ◦ J)z〉.
Since 〈(φg! ◦ J)·, ·〉 = 〈·, (φg! ◦ J)·〉, from the above equations it follows that
〈∇x(φg! ◦ J)y, φg!(z)〉 = −〈φg!(y), (φg! ◦ J)(∇xz)〉,
〈(φg! ◦ J)(∇xy), φg!(z)〉 = −〈φg!(y),∇x(φg! ◦ J)z〉.
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Subtracting the above equations, we conclude the assertion. 
3.1. Holomorphic tensors on Hom-Lie groups and Hom-Lie algebras. We present the theory of
Tachibana operators for Hom-Lie groups and Hom-Lie algebras and then give the notion of a holomorphic
tensor on a Hom-Lie group and a Hom-Lie algebra.
A left-invariant complex Hom-Lie group (or, a complex Hom-Lie algebra) is a left-invariant almost
complex Hom-Lie group (G, ⋄, eΦ,Φ, J) (or, an almost complex Hom-Lie algebra (g
!, [·, ·]g! , φg! , J)) such
that the tensor J is integrable. In this case, the left-invariant almost complex structure (or, the almost
complex structure) J is called a left-invariant complex structure (or, a complex structure). On the other
hand, in order that an almost complex structure be integrable, it is necessary and sufficient that for any
x, y ∈ g!, we consider a left-invariant connection ∇ such that the symmetric condition be held, i.e.,
[x, y]g! = ∇xy −∇yx,
and φg! ◦ J is invariant with respect to ∇, that is ∇(φg! ◦ J) = 0 or
∇x(φg! ◦ J) = (φg! ◦ J)∇x.
Note that condition ∇x(φg! ◦ J)(y) = (φg! ◦ J)∇xy is equivalent with
∇(φ
g!
◦J)(x)(φg! ◦ J)(y) = (φg! ◦ J)∇(φ
g!
◦J)(x)y,
and
∇xy = −(φg! ◦ J)∇x(φg! ◦ J)(y).
(3.1) and two last equations imply
Nφ
g!
◦J (x, y) =∇(φ
g!
◦J)(x)(φg! ◦ J)(y)−∇(φ
g!
◦J)(y)(φg! ◦ J)(x)− (φg! ◦ J)(∇(φ
g!
◦J)(x)y(3.10)
−∇y(φg! ◦ J)(x)) − (φg! ◦ J)(∇x(φg! ◦ J)(y)−∇(φ
g!
◦J)(y)x)−∇xy −∇yx = 0.
It is also known that the integrability of J is equivalent to the vanishing of the Nijenhuis tensor Nφ
g!
◦J .
So, J is integrable.
We can give another equivalent definition of left-invariant complex Hom-Lie group (G, ⋄, eΦ,Φ, J) (or,
complex Hom-Lie algebras (g!, [·, ·]g! , φg! , J)) in terms of holomorphics. Given a tensor ω ∈ T
0
q (g
!), the
purity means that for any x1, · · · , xq ∈ g
! the following condition should be held
ω((φg! ◦ J)x1, x2, · · · , xq) = ω(x1, (φg! ◦ J)x2, · · · , xq) = · · · = ω(x1, x2, · · · , (φg! ◦ J)xq).
We define an operator
Φφ
g!
◦J : T
0
q (g
!) −→ T 0q+1(g
!),
applied to the pure tensor ω ∈ T 0q (g
!) by
(Φφ
g!
◦J ω)(x, y1, y2, · · · , yq) =
q∑
i=1
ω(φg!(y1), · · · , φg!(yi−1), [yi, (φg! ◦ J)x]g!(3.11)
− (φg! ◦ J)[yi, x]g! , φg!(yi+1), · · · , φg!(yq)),
for any x, y1, · · · , yq ∈ g
!. The pure tensor ω is called holomorphic if J is a complex structure on g! and
Φφ
g!
◦J ω = 0.
According to Definition 3.11, we see that the Norden metric 〈·, ·〉 on the almost complex Hom-Lie algebra
(g!, [·, ·]g! , φg! , J) is a pure tensor with respect to J .
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4. Left-invariant Ka¨hler-Norden Hom-Lie groups (Ka¨hler-Norden Hom-Lie algebras)
In this section, we introduce left-invariant Ka¨hler-Norden structures on Hom-Lie groups (Ka¨hler-
Norden structures on Hom-Lie algebras) and we present examples of these structures.
Definition 4.1. A left-invariant Ka¨hler Hom-Lie group (or, a Ka¨hler-Norden Hom-Lie algebra) is a
left-invariant almost Norden Hom-Lie group (G, ⋄, eΦ,Φ, J, 〈·, ·〉) (or, an almost Norden Hom-Lie algebra
(g!, [·, ·]g! , φg! , J, 〈·, ·〉)) such that φg! ◦ J is invariant with respect to the Hom-Levi-Civita connection ∇,
i.e.,
∇(φg! ◦ J) = 0.(4.1)
Note that (3.10) implies that the structure J introduced in Definition 4.1 is integrable.
Remark 4.2. The above definition is hold for an arbitrary Hom-Lie algebra (g, [·, ·], φ).
Example 4.3. Consider the Hom-Lie algebra 4-dimensional (g, [·, ·]g, φg) introduced in Example (3.15).
We study Ka¨hlerian-Norden property for this Hom-Lie algebra. If we denote the Hom-Levi-Civita con-
nection by ∇, from Koszul’s formula given by (3.4) we deduce that 〈∇eiej, φg(ek)〉 = 0, for all i, j, k =
1, 2, 3, 4, expect
∇e2e1 = e3, ∇e2e2 = −
B
A
e4, ∇e2e3 = −
B
A
e1, ∇e2e4 = e2,
∇e3e1 = −e2, ∇e3e2 = −
B
A
e1, ∇e3e3 =
B
A
e4, ∇e3e4 = e3.
Easily we can see that φg ◦J is invariant with respect to the Hom-Levi-Civita connection computed in the
above, i.e, (4.1) holds. So (g, [·, ·]g, φg, J, 〈·, ·〉) is a Ka¨hler-Norden Hom-Lie algebra.
Example 4.4. Let {e1, · · · , e6} be a basis of a 6-dimensional Hom-Lie algebra (g, [·, ·]g, φg), where
[e3, e5]g =− e2, [e3, e6]g = e1, [e4, e5]g = e1, [e4, e6]g = e2, [e5, e6]g = e3,
and
φg(e1) = −e1, φg(e2) = −e2, φg(e3) = e3, φg(e4) = e4, φg(e5) = −e5, φg(e6) = −e6.
We define an isomorphism J on g as follows
J(e1) = −e2, J(e2) = e1, J(e3) = e4, J(e4) = −e3, J(e5) = e6, J(e6) = −e5,
which implies that
(J ◦ φg)e1 =e2 = (φg ◦ J)e1, (J ◦ φg)e2 = −e1 = (φg ◦ J)e2,
(J ◦ φg)e3 =e4 = (φg ◦ J)e3, (J ◦ φg)e4 = −e3 = (φg ◦ J)e4,
(J ◦ φg)e5 =− e6 = (φg ◦ J)e5, (J ◦ φg)e6 = e5 = (φg ◦ J)e6.
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Thus J is an almost complex structure on (g, [·, ·]g, φg). On the other hand, Nφg◦J(ei, ej) = 0, for all
i, j = 1, · · · , 6, so J is a complex structure. If we consider the metric 〈·, ·〉 of g as follows


0 0 0 0 A2 0
0 0 0 0 0 A2
0 0 A 0 0 0
0 0 0 −A 0 0
A
2 0 0 0 0 0
0 A2 0 0 0 0


,
then 〈φg(ei), φg(ej)〉 = 〈ei, ej〉, for all i, j = 1, · · · , 6. So (g, [·, ·]g, φg, 〈·, ·〉) is a pseudo-Riemannian
Hom-Lie algebra. Also, since 〈(φg ◦ J)(ei), (φg ◦ J)(ej)〉 = −〈ei, ej〉, for all i, j = 1, · · · , 6, thus
(g, [·, ·]g, φg, J, 〈·, ·〉) is a Norden Hom-Lie algebra. Using (3.4), we obtain 〈ei · ej , φg(ek)〉 = 0, for all
i, j, k = 1, · · · , 6, expect
∇e5e3 = e2, ∇e5e4 = −e1, ∇e5e5 =
1
2
e4, ∇e5e6 =
1
2
e3,(4.2)
∇e6e3 = −e1, ∇e6e4 = −e2, ∇e6e5 = −
1
2
e3, ∇e6e6 =
1
2
e4,
where ∇ denote the Hom-Levi-Civita connection on g. Easily we can see that (4.1) holds, therefore
(g, [·, ·]g, φg, J, 〈·, ·〉) is a Ka¨hler-Norden Hom-Lie algebra.
Proposition 4.5. Let (G, ⋄, eΦ,Φ, J, 〈·, ·〉) be a left-invariant almost Norden Hom-Lie group (or,
(g, [·, ·]g! , φg! , J, 〈·, ·〉) be an almost Norden Hom-Lie algebra). Then (G, ⋄, eΦ,Φ, J, 〈·, ·〉) (or,
(g!, [·, ·]g! , φg! , J, 〈·, ·〉)) is a left-invariant Ka¨hler-Norden Hom-Lie group (or, a Ka¨hler-Norden Hom-Lie
algebra) if and only if
(∇(φ
g!
◦J)x(φg! ◦ J))y = −(φg! ◦ J)(∇x(φg! ◦ J))y,(4.3)
for any x, y ∈ g!.
Proof. Consider α(x, y, z) = 〈(∇x(φg! ◦ J))y, φg!(z)〉. Theorem 3.16 implies that α is symmetric in the
last two variables
α(x, y, z) = α(x, z, y).(4.4)
Using the definition of α, we have
α((φg! ◦ J)x, y, z) = 〈(∇(φ
g!
◦J)x(φg! ◦ J))y, φg!(z)〉.
(3.9), (4.3) and the above equation imply
α((φg! ◦ J)x, y, z) =− 〈(φg! ◦ J)(∇x(φg! ◦ J))y, φg!(z)〉 = −〈(∇x(φg! ◦ J))y, (φg! ◦ J)(φg!(z))〉,
from which it follows
α((φg! ◦ J)x, y, z) = −α(x, y, (φg! ◦ J)z).(4.5)
On the other hand, we have
α((φg! ◦ J)x, y, z) = −〈(φg! ◦ J)(∇x(φg! ◦ J))y, φg!(z)〉.
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The above equation is equivalent to
α((φg! ◦ J)x, y, z) = 〈(∇x(φg! ◦ J))(φg! ◦ J)y, φg!(z)〉,
which gives us
α((φg! ◦ J)x, y, z) = α(x, (φg! ◦ J)y, z).(4.6)
By (4.4), (4.5) and (4.6), we get
α((φg! ◦ J)x, y, z) = α((φg! ◦ J)x, z, y) = α(x, (φg! ◦ J)z, y) = α(x, y, (φg! ◦ J)z) = −α((φg! ◦ J)x, y, z).
From the above equation and the non-degenerate condition of 〈·, ·〉, we have ∇(φg! ◦ J) = 0. 
4.1. Left-invariant abelian structures on Hom-Lie groups (abelian complex structures
on Hom-Lie algebras). Let (G, ⋄, eΦ,Φ, J) be a left-invariant almost complex Hom-Lie group (or,
(g!, [·, ·]g! , φg! , J) be an almost complex Hom-Lie algebra). The left-invariant almost complex J (or, the
almost complex structure J) is called abelian if
[(φg! ◦ J)x, (φg! ◦ J)y]g! = [x, y]g! ,(4.7)
for any x, y ∈ g!.
Lemma 4.6. A left-invariant almost Norden Hom-Lie group (G, ⋄, eΦ,Φ, J, 〈·, ·〉) (or, an almost Norden
Hom-Lie algebra (g!, [·, ·]g! , φg! , J, 〈·, ·〉)) is a left-invariant Ka¨hler-Norden Hom-Lie group (or, a Ka¨hler-
Norden Hom-Lie algebra) if for any x ∈ g!, the following condition satisfies
∇(φ
g!
◦J)x = −(φg! ◦ J)∇x.(4.8)
Moreover, the complex structure J is abelian.
Proof. From (4.8), it follows
∇(φ
g!
◦J)x(φg! ◦ J) = −(φg! ◦ J)∇x(φg! ◦ J),
and
(φg! ◦ J)∇(φ
g!
◦J)x = ∇x.
Subtracting the above two equations, we get (4.3). Now, let x, y ∈ g!. Using (i) of (3.5), we obtain
[(φg! ◦ J)x, (φg! ◦ J)y]g! = ∇(φ
g!
◦J)x(φg! ◦ J)y −∇(φ
g!
◦J)y(φg! ◦ J)x.
Applying (4.1) and (4.8) in the above equation yields
[(φg! ◦ J)x, (φg! ◦ J)y]g! = −(φg! ◦ J)(∇x(φg! ◦ J)y) + (φg! ◦ J)(∇y(φg! ◦ J)x) = ∇xy −∇yx = [x, y]g! .

Proposition 4.7. Let (G, ⋄, eΦ,Φ, J, 〈·, ·〉) be a left-invariant Ka¨hler-Norden Hom-Lie group (or,
(g!, [·, ·]g! , φg! , J, 〈·, ·〉) be a Ka¨hler-Norden Hom-Lie algebra). If the left-invariant complex structure
J (or, the complex structure J) is abelian, then (4.8) holds.
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Proof. For any x, y, z ∈ g!, setting α(x, y, z) = 〈(∇(φ
g!
◦J)xy+(φg! ◦J)∇xy, φg!(z)〉 and using (ii) of (3.5),
we get
α(x, y, z) = −〈∇(φ
g!
◦J)xz, φg!(y)〉+ 〈∇xy, (φg! ◦ J)φg!(z)〉 = −〈∇(φ
g!
◦J)xz +∇x(φg! ◦ J)z, φg!(y)〉.
According to (4.1), the above equation gives
α(x, y, z) = −〈∇(φ
g!
◦J)xz + (φg! ◦ J)(∇xz), φg!(y)〉,
from which it follows
α(x, y, z) = −α(x, z, y).(4.9)
As J is abelian, from (i) of (3.5) and (4.7), we have
(∇(φ
g!
◦J)x + (φg! ◦ J)∇x)y = (∇(φ
g!
◦J)y + (φg! ◦ J)∇y)x,
hence α is symmetric in the first two variable
α(x, y, z) = α(y, x, z).(4.10)
By (4.9) and (4.10), we conclude that
α(x, y, z) = −α(x, z, y) = −α(z, x, y) = α(z, y, x).
The last equation and (4.9) imply
α(x, y, z) = α(y, x, z) = α(z, x, y) = α(x, z, y).
(4.9) and the above equation deduce that α = 0, hence the proof completes. 
Proposition 4.8. Assume that (G, ⋄, eΦ,Φ, J, 〈·, ·〉) is a left-invariant Ka¨hler-Norden Hom-Lie group (or,
(g!, [·, ·]g! , φg! , J, 〈·, ·〉) is a Ka¨hler-Norden Hom-Lie algebra) such that the left-invariant complex structure
J (or, the complex structure J) is abelian. Then for the left-invariant Hom-Levi-Civita connection ∇ (or,
the Hom-Levi-Civita connection ∇), we have
2∇xy = [x, y]g! − (φg! ◦ J)[x, (φg! ◦ J)y]g! ,(4.11)
for any x, y ∈ g!.
Proof. Using (i) of (3.5) and (4.1), we have
[(φg! ◦ J)x, y]g! − (φg! ◦ J)[x, y]g! =∇(φ
g!
◦J)xy −∇y(φg! ◦ J)x − (φg! ◦ J)(∇xy −∇yx)
=∇(φ
g!
◦J)xy − (φg! ◦ J)(∇xy).
Applying (4.7) and (φg ◦ J)
2 = −Idg! in the above equation, we conclude the assertion. 
Example 4.9. We consider the Ka¨hler-Norden Hom-Lie algebra (g, [·, ·]g, φg, J, 〈·, ·〉) presented in Ex-
ample (4.3). As
[(φg ◦ J)e1, (φg ◦ J)e2]g = e3 6= [e1, e2]g, [(φg ◦ J)e1, (φg ◦ J)e3]g = −e2 6= [e1, e3]g,
[(φg ◦ J)e2, (φg ◦ J)e4]g = −e2 6= [e2, e4]g, [(φg ◦ J)e3, (φg ◦ J)e4]g = −e3 6= [e3, e4]g,
So the complex structure J is not abelian.
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Example 4.10. For the Ka¨hler-Norden Hom-Lie algebra (g, [·, ·]g, φg, J, 〈·, ·〉) in Example (4.4), we have
[(φg ◦ J)e3, (φg ◦ J)e5]g = −e2 = [e3, e5]g, [(φg ◦ J)e3, (φg ◦ J)e6]g = e1 = [e3, e6]g,
[(φg ◦ J)e4, (φg ◦ J)e5]g = e1 = [e4, e5]g, [(φg ◦ J)e4, (φg ◦ J)e6]g = e2 = [e4, e6]g,
[(φg ◦ J)e5, (φg ◦ J)e6]g = e3 = [e5, e6]g,
which give that J satisfies in (4.7), i.e., the complex structure J is abelian. We get that [ei, ej]g − (φg ◦
J)[ei, (φg ◦ J)ej ]g = 0, for all i, j = 1, · · · , 6, expect
[e5, e3]g − (φg ◦ J)[e5, (φg ◦ J)e3]g = 2e2, [e5, e4]g − (φg ◦ J)[e5, (φg ◦ J)e4]g = −2e1,
[e5, e5]g − (φg ◦ J)[e5, (φg ◦ J)e5]g = e4, [e5, e6]g − (φg ◦ J)[e5, (φg ◦ J)e6]g = e3,
[e6, e3]g − (φg ◦ J)[e6, (φg ◦ J)e3]g = −2e1, [e6, e4]g − (φg ◦ J)[e6, (φg ◦ J)e4]g = −2e2,
[e6, e5]g − (φg ◦ J)[e6, (φg ◦ J)e5]g = −e3, [e6, e6]g − (φg ◦ J)[e6, (φg ◦ J)e6]g = e4.
Applying (4.2) and the above equations, we conclude that (4.11) holds.
4.2. Twin Norden metric of Hom-Lie groups and Hom-Lie algebras. In this section, we restrict
ourselves to the case that 〈·, ·〉 is a left-invariant Norden metric (or, a Norden metric) on a left-invariant
almost complex Hom-Lie group (G, ⋄, eΦ,Φ) (or, an almost complex Hom-Lie algebra (g
!, [·, ·]g! , φg!)). So
we can apply J to obtain a new left-invariant Norden metric (or, a Norden metric)≪ ·, · ≫ associated with
the left-invariant Norden metric (or, the Norden metric) 〈·, ·〉 of the left-invariant almost Norden Hom-Lie
group (G, ⋄, eΦ,Φ, J, 〈·, ·〉) (or, the almost Norden Hom-Lie algebra (g
!, [·, ·]g! , φg! , J, 〈·, ·〉)) defined by
≪ x, y ≫= 〈(φg! ◦ J)x, y〉,
for any x, y ∈ g!. In this case, the pure tensor ≪ ·, · ≫ is called the twin metric of 〈·, ·〉.
Proposition 4.11. Let (J, 〈·, ·〉) be a left-invariant almost Norden structure on a Hom-Lie group
(G, ⋄, eΦ,Φ) (or, an almost Norden structure on a Hom-Lie algebra (g
!, [·, ·]g! , φg!)) and ≪ ·, · ≫=
〈(φg! ◦ J)·, ·〉. Then the following identities hold
(i) (Φ
φ
g!
◦J
≪ ·, · ≫)(x, y, z) = (Φ
φ
g!
◦J
〈·, ·〉)(x, (φg! ◦ J)y, z) + 〈Nφ
g!
◦J (x, y), φg!(z)〉,
(ii) (∇x ≪ ·, · ≫)(y, z) = (∇x〈·, ·〉)((φg! ◦ J)y, z) + 〈(∇x(φg! ◦ J))y, φg!(z)〉,
for any x, y, z ∈ g!.
Proof. Using (3.11), we have
(Φ
φ
g!
◦J
≪ ·, · ≫)(x, y, z) =≪ [y, (φg! ◦ J)(x)]g! − (φg! ◦ J)[y, x]g! , φg!(z)≫
+≪ φg!(y), [z, (φg! ◦ J)(x)]g! − (φg! ◦ J)[z, x]g! ≫ .
The above equation leads to
(Φ
φ
g!
◦J
≪ ·, · ≫)(x, y, z) =〈(φg! ◦ J)[y, (φg! ◦ J)(x)]g! − (φg! ◦ J)[y, x]g! , φg!(z)〉
+ 〈(φg! ◦ J)φg!(y), [z, (φg! ◦ J)(x)]g! − (φg! ◦ J)[z, x]g!〉.
By adding and subtracting 〈(φg! ◦ J)[x, (φg! ◦ J)(y)]g! + [(φg! ◦ J)x, (φg! ◦ J)(y)]g! , φg!(z)〉 in the above
equation, we conclude (i). From (3.8), we have
(∇x ≪ ·, · ≫)(y, z) = − ≪ ∇xy, φg!(z)≫ −≪ φg!(y),∇xz ≫,
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from which it follows
(∇x ≪ ·, · ≫)(y, z) =− 〈(φg! ◦ J)(∇xy), φg!(z)〉 − 〈(φg! ◦ J)(φg!(y)),∇xz〉
=− 〈(φg! ◦ J)(∇xy) +∇x(φg! ◦ J)y −∇x(φg! ◦ J)y, φg!(z)〉 − 〈(φg! ◦ J)(φg!(y)),∇xz〉.
Applying (3.8) in the last equation, (ii) yields. 
As an immediate consequence of formula (i), we obtain that in a left-invariant Norden Hom-Lie group
(G, ⋄, eΦ,Φ, J, 〈·, ·〉) (or, a Norden Hom-Lie algebra (g
!, [·, ·]g! , φg! , J, 〈·, ·〉)), Φφ
g!
◦J
〈·, ·〉 = 0 if and only if
Φ
φ
g!
◦J
≪ ·, · ≫= 0.
5. Left-invariant holomorphic Norden Hom-lie groups (holomorphic Norden Hom-Lie
algebras)
In this Section, we give the definition of a left-invariant holomorphic Norden Hom-Lie group (or, a
holomorphic Norden Hom-Lie algebra). We show that there exist a one-to-one correspondence between
left invariant Ka¨hler-Norden Hom-Lie groups (or, Ka¨hler-Norden Hom-Lie algebras) and left-invariant
holomorphic Norden Hom-Lie groups (or, holomorphic Norden Hom-Lie algebras).
Proposition 5.1. Let (G, ⋄, eΦ,Φ, J, 〈·, ·〉) be a left-invariant almost Norden Hom-Lie group (or,
(g!, [·, ·]g! , φg! , J, 〈·, ·〉) be an almost Norden Hom-Lie algebra). Then
(i) (Φ
φ
g!
◦J
〈·, ·〉)(x, y, z) = 〈(∇y(φg! ◦ J))x, φg! (z)〉+ 〈φg!(y), (∇z(φg! ◦ J))x〉 − 〈(∇x(φg! ◦ J))(y), φg!z〉,
(ii) (Φ
φ
g!
◦J
〈·, ·〉)(x, y, z) + (Φ
φ
g!
◦J
〈·, ·〉)(z, y, x) = 2〈(∇y(φg! ◦ J))x, φg!(z)〉,
for any x, y, z ∈ g!, where ∇ is the left-invariant Hom-Levi-Civita connection on G (or, the Hom-Levi-
Civita connection on g!).
Proof. From (3.11), we have
(Φ
φ
g!
◦J
〈·, ·〉)(x, y, z) = 〈[y, (φg! ◦ J)(x)]g! − (φg! ◦ J)[y, x]g! , φg!(z)〉+ 〈φg!(y), [z, (φg! ◦ J)(x)]g! − (φg! ◦ J)[z, x]g!〉.
Applying (i) of (3.5) in the above equation yields
(Φ
φ
g!
◦J
〈·, ·〉)(x, y, z) =〈∇y(φg! ◦ J)(x) −∇(φ
g!
◦J)(x)y − (φg! ◦ J)(∇yx−∇xy), φg!(z)〉(5.1)
+ 〈φg!(y),∇z(φg! ◦ J)(x)−∇(φ
g!
◦J)(x)z − (φg! ◦ J)(∇zx−∇xz)〉.
On the other hand, from (ii) of (3.5) and Definition 3.11 it follows
〈∇(φ
g!
◦J)(x)y, φg!(z)〉 = −〈φg!(y),∇(φ
g!
◦J)(x)z〉,
〈φg!(y), (φg! ◦ J)(∇xz)〉 = −〈∇x(φg! ◦ J)y, φg!(z)〉.
Setting two last equations in (5.1), we get (i). Similarly like in the above, we have
(Φ
φ
g!
◦J
〈·, ·〉)(z, y, x) = 〈(∇y(φg! ◦ J))z, φg!(x)〉 + 〈φg!(y), (∇x(φg! ◦ J))z − 〈(∇z(φg! ◦ J))y, φg!(x)〉.
The above equation and Theorem 3.16 imply (ii). 
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Assume (J, 〈·, ·〉) is a left-invariant almost Norden structure on a Hom-Lier group (G, ⋄, eΦ,Φ) (or,
an almost Norden structure on a Hom-Lie algebra (g, [·, ·]g! , φg!)). We say that (G, ⋄, eΦ,Φ, J, 〈·, ·〉) (or,
(g!, [·, ·]g! , φg! , J, 〈·, ·〉)) is a left-invariant almost holomorphic Norden Hom-Lie group (or, an almost holo-
morphic Norden Hom-Lie algebra) if
Φ
φ
g!
◦J
〈·, ·〉 = 0,
i.e.,
〈[y, (φg! ◦ J)(x)]g! , φg!(z)〉+ 〈φg!(y), [z, (φg! ◦ J)(x)]g! 〉=〈(φg! ◦ J)[y, x]g! , φg!(z)〉+ 〈φg!(y), (φg! ◦ J)[z, x]g!〉,
(5.2)
for any x, y, z ∈ g!. Also, if J is integrable, (G, ⋄, eΦ,Φ, J, 〈·, ·〉) is called a left-invariant holomorphic
Norden Hom-Lie group (or, (g!, [·, ·]g! , φg! , J, 〈·, ·〉) is called a holomorphic Norden Hom-Lie algebra).
Example 5.2. We consider the Norden Hom-Lie algebra (g, [·, ·], φg, J, 〈·, ·〉) introduced in Example
(3.13). Setting x = y = w = e1 in (5.2), implies A = 0. Considering x = y = e1 and w = e2, we
get B = 0. Also, putting x = y = e1 and w = e3, yields D = 0. Moreover, from x = y = e1 and w = e4,
we conclude C = 0. It is a contradiction with the condition non-degenerate of the metric 〈·, ·〉 and so
(g, [·, ·], φg, J, 〈·, ·〉) is not a holomorphic Norden Hom-Lie algebra.
Example 5.3. Let (g, [·, ·]g, φg, J, 〈, 〉) be a 4-dimensional Norden Hom-Lie algebra in Example (3.15).
We result that all of 〈[ei, (φg ◦ J)(ej)]g, φg(ek)〉+ 〈φg(ei), [ek, (φg ◦ J)(ej)]g〉 = 〈(φg ◦ J)[ei, ej]g, φg(ek)〉+
〈φg(ei), (φg ◦ J)[ek, ej ]g〉, i, j, k = 1, 2, 3, 4, are zero expect
〈[e1, (φg ◦ J)e2]g, φg(e2)〉+〈φg(e1), [e2, (φg ◦ J)e2]g〉=−B=〈(φg ◦ J)[e1, e2]g, φg(e2)〉+〈φg(e1), (φg ◦ J)[e2, e2]g〉,
〈[e1, (φg ◦ J)e3]g, φg(e3)〉+〈φg(e1), [e3, (φg ◦ J)e3]g〉=B=〈(φg ◦ J)[e1, e3]g, φg(e3)〉+〈φg(e1), (φg ◦ J)[e3, e3]g〉,
〈[e2, (φg ◦ J)e1]g, φg(e2)〉+〈φg(e2), [e2, (φg ◦ J)e1]g〉=2B=〈(φg ◦ J)[e2, e1]g, φg(e2)〉+〈φg(e2), (φg ◦ J)[e2, e1]g〉,
〈[e2, (φg ◦ J)e2]g, φg(e1)〉+〈φg(e2), [e1, (φg ◦ J)e2]g〉=−B=〈(φg ◦ J)[e2, e2]g, φg(e1)〉+〈φg(e2), (φg ◦ J)[e1, e2]g〉,
〈[e2, (φg ◦ J)e3]g, φg(e4)〉+〈φg(e2), [e4, (φg ◦ J)e3]g〉=−B=〈(φg ◦ J)[e2, e3]g, φg(e4)〉+〈φg(e2), (φg ◦ J)[e4, e3]g〉,
〈[e2, (φg ◦ J)e4]g, φg(e3)〉+〈φg(e2), [e3, (φg ◦ J)e4]g〉=2B=〈(φg ◦ J)[e2, e4]g, φg(e3)〉+〈φg(e2), (φg ◦ J)[e3, e4]g〉,
〈[e3, (φg ◦ J)e1]g, φg(e3)〉+〈φg(e3), [e3, (φg ◦ J)e1]g〉=− 2B=〈(φg ◦ J)[e3, e1]g, φg(e3)〉+〈φg(e3), (φg ◦ J)[e3, e1]g〉,
〈[e3, (φg ◦ J)e2]g, φg(e4)〉+〈φg(e3), [e4, (φg ◦ J)e2]g〉=−B=〈(φg ◦ J)[e3, e2]g, φg(e4)〉+〈φg(e3), (φg ◦ J)[e4, e2]g〉,
〈[e3, (φg ◦ J)e3]g, φg(e1)〉+〈φg(e3), [e1, (φg ◦ J)e3]g〉=B=〈(φg ◦ J)[e3, e3]g, φg(e1)〉+〈φg(e3), (φg ◦ J)[e1, e3]g〉,
〈[e3, (φg ◦ J)e4]g, φg(e2)〉+〈φg(e3), [e2, (φg ◦ J)e4]g〉=2B=〈(φg ◦ J)[e3, e4]g, φg(e2)〉+〈φg(e3), (φg ◦ J)[e2, e4]g〉,
〈[e4, (φg ◦ J)e2]g, φg(e3)〉+〈φg(e4), [e3, (φg ◦ J)e2]g〉=−B=〈(φg ◦ J)[e4, e2]g, φg(e3)〉+〈φg(e4), (φg ◦ J)[e3, e2]g〉,
〈[e4, (φg ◦ J)e3]g, φg(e2)〉+〈φg(e4), [e2, (φg ◦ J)e3]g〉=−B=〈(φg ◦ J)[e4, e3]g, φg(e2)〉+〈φg(e4), (φg ◦ J)[e2, e3]g〉,
which imply that, (5.2) holds. Thus (g, [·, ·]g, φg, J, 〈·, ·〉) is a holomorphic Norden Hom-Lie algebra.
Corollary 5.4. A left-invariant almost Norden Hom-Lie group (G, ⋄, eΦ,Φ, J, 〈·, ·〉) (or, an almost Nor-
den Hom-Lie algebra (g!, [·, ·]g! , φg! , J, 〈·, ·〉)) is holomorphic if and only if the structure φg! ◦J is invariant
with respect to the left-invariant Hom-Levi-Civita connection (or, the Hom-Levi-Civita connection) ∇,
i.e.,
∇(φg! ◦ J) = 0.
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Applying Corollary 5.4, we can deduce
Proposition 5.5. Let (G, ⋄, eΦ,Φ, J) be a left-invariant almost complex Hom-Lie group (or, (g
!, [·, ·]g! , φg! , J)
be an almost complex Hom-Lie algebra) equipped with a left-invariant pseudo-Riemannian metric (or, a
pseudo-Riemannian metric) 〈·, ·〉 and a left-invariant connection (or, connection) ∇. Then the following
statements are equivalent:
a) (G, ⋄, eΦ,Φ, J, 〈·, ·〉) is a left-invariant Ka¨hler-Norden Hom-Lie group (or, (g
!, [·, ·]g! , φg! , J, 〈·, ·〉) is a
Ka¨hler-Norden Hom-Lie algebra),
b) (G, ⋄, eΦ,Φ, J, 〈·, ·〉) is a left-invariant holomorphic Norden Hom-Lie group (or, (g
!, [·, ·]g! , φg! , J, 〈·, ·〉)
is a holomorphic Norden Hom-Lie algebra).
Corollary 5.6. On a left-invariant Ka¨hler-Norden Hom-Lie group (G, ⋄, eΦ,Φ, J, 〈·, ·〉) (or, a Ka¨hler-
Norden Hom-Lie algebra (g!, [·, ·]g! , φg! , J, 〈·, ·〉)), we have
Φ
φ
g!
◦J
〈·, ·〉 = 0 = Φ
φ
g!
◦J
≪ ·, · ≫ .
Corollary 5.7. Let (G, ⋄, eΦ,Φ, J, 〈·, ·〉) be a left-invariant Ka¨hler-Norden Hom-Lie group (or, (g
!, [·, ·]g! , φg! , J, 〈·, ·〉)
be a Ka¨hler-Norden Hom-Lie algebra) and ≪ ·, · ≫= 〈(φg! ◦ J)·, ·〉. Then the following statements hold:
a) (G, ⋄, eΦ,Φ, J,≪ ·, · ≫) is a left-invariant Ka¨hler-Norden Hom-Lie group (or, (g
!, [·, ·]g! , φg! , J,≪
·, · ≫) is a Ka¨hler-Norden Hom-Lie algebra),
b) (G, ⋄, eΦ,Φ, J,≪ ·, · ≫) is a left-invariant holomorphic Norden Hom-Lie group (or, (g
!, [·, ·]g! , φg! , J,≪
·, · ≫) is a holomorphic Norden Hom-Lie algebra).
6. curvature tensors in holomorphic Norden Hom-Lie algebras
We present some properties of the Riemannian curvature tensor of a left-invariant holomorphic Nor-
den Hom-Lie group (or, a holomorphic Norden Hom-Lie algebra) using the generalization of Tachibana
operators, in this Section. Also, we show that any left-invariant holomorphic Hom-Lie group is a flat (or,
holomorphic Norden Hom-Lie algebra carries a Hom-Left-symmetric algebra ) if its left-invariant complex
structure (or, complex structure) is abelian.
Let (G, ⋄, eΦ,Φ, J, 〈·, ·〉) be a left-invariant Ka¨hler-Norden Hom-Lie group (or, (g
!, [·, ·]g! , φg! , J, 〈·, ·〉)
be a Ka¨hler-Norden Hom-Lie algebra). The curvature tensor K of G (or, g!) is defined by
(6.1) K(x, y) := ∇φ
g!
(x) ◦ ∇y −∇φ
g!
(y) ◦ ∇x −∇[x,y]
g!
◦ φg! ,
for any x, y ∈ g!. Also, left-invariant Ka¨hler-Norden Hom-Lie group is said to be flat if its curvature
tensor vanishes identically. It is easy to see that the following formulas hold
〈K(x, y)z, w〉 = −〈K(y, x)z, w〉,
〈K(x, y)z, w〉 = −〈K(x, y)w, z〉,
K(x, y)z +K(y, z)x+K(z, x)y = 0,
(∇xK)(y, z, w, t) + (∇yK)(z, x, w, t) + (∇zK)(x, y, w, t) = 0.(6.2)
We set
K(x, y, z, w) = 〈K(x, y)z, w〉,
for any x, y, z, w ∈ g!. The condition ∇(φg! ◦ J) = 0, leads to
K(x, y)(φg! ◦ J)z = (φg! ◦ J)K(x, y)z.
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Hence, we have
K(x, y, (φg! ◦ J)z, w) = K(x, y, z, (φg! ◦ J)w),
K((φg! ◦ J)x, y, z, w) = K(x, (φg! ◦ J)y, z, w),
i.e., K is pure with respect to z and w, and also pure with respect to x and y. Consider ≪ ·, · ≫=
〈(φg! ◦ J)·, ·〉 and K˜ as the curvature tensor of ≪ ·, · ≫. By means of the Proposition 4.11, K = K˜ and
considering K˜(x, y, z, w) =≪ K˜(x, y)z, w ≫, we get
K˜(x, y, z, w) =≪ K˜(x, y)z, w ≫= 〈(φg! ◦ J)K˜(x, y)z, w〉
= 〈K˜(x, y)z, (φg! ◦ J)w〉 = 〈K(x, y)z, (φg! ◦ J)w〉 = K(x, y, z, (φg! ◦ J)w),
and
K˜(z, w, x, y) =≪ K˜(z, w)x, y ≫= 〈(φg! ◦ J)K˜(z, w)x, y〉
= 〈K˜(z, w)x, (φg! ◦ J)y〉 = 〈K(z, w)x, (φg! ◦ J)y〉 = K(z, w, x, (φg! ◦ J)y).
Note that K˜(x, y, z, w) = K˜(z, w, x, y), thus the above equations imply
K(x, y, z, (φg! ◦ J)w) = K(z, w, x, (φg! ◦ J)y),
which means that K(x, y, z, w) is pure with respect to y and w. Thus K(x, y, z, w) is pure.
Proposition 6.1. The curvature tensor of a left-invariant holomorphic Norden Hom-Lie group (or, a
holomorphic Norden Hom-Lie algebra) is pure.
Theorem 6.2. In a left-invariant holomorphic Norden Hom-Lie group (G, ⋄, eΦ,Φ, J, 〈·, ·〉) (or, a holo-
morphic Norden Hom-Lie algebra (g!, [·, ·]g! , φg! , J, 〈·, ·〉)), the curvature tensor is a holomorphic tensor,
i.e.,
Φ
φ
g!
◦J
K = 0.
Proof. According to (3.11), we have
(Φ
φ
g!
◦J
K)(x, y, z, w, t) = K([y, (φg! ◦ J)(x)]g! − (φg! ◦ J)[y, x]g! , φg!(z), φg!(w), φg! (t))
+K(φg!(y), [z, (φg! ◦ J)(x)]g! − (φg! ◦ J)[z, x]g! , φg!(w), φg! (t))
+K(φg!(y), φg!(z), [w, (φg! ◦ J)(x)]g! − (φg! ◦ J)[w, x]g! , φg!(t))
+K(φg!(y), φg!(z), φg!(w), [t, (φg! ◦ J)(x)]g! − (φg! ◦ J)[t, x]g!).
From the condition ∇(φg! ◦ J) = (φg! ◦ J)∇ and the last equation imply
(Φ
φ
g!
◦J
K)(x, y, z, w, t) = K(−∇(φ
g!
◦J)(x)y + (φg! ◦ J)(∇xy), φg!(z), φg!(w), φg! (t))
+K(φg!(y),−∇(φ
g!
◦J)(x)z + (φg! ◦ J)(∇xz), φg!(w), φg!(t))
+K(φg!(y), φg!(z),−∇(φ
g!
◦J)(x)w + (φg! ◦ J)(∇xw), φg! (t))
+K(φg!(y), φg!(z), φg!(w),−∇(φ
g!
◦J)(x)t+ (φg! ◦ J)(∇xt)).
Using again (3.11) in the above equation, it follows
(Φ
φ
g!
◦J
K)(x, y, z, w, t) = (∇(φ
g!
◦J)xK)(y, z, w, t)− (∇xK)((φg! ◦ J)y, z, w, t).(6.3)
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On the other hand, from (6.2) we have
(∇(φ
g!
◦J)xK)(y, z, w, t) = −(∇yK)(z, (φg! ◦ J)x,w, t) − (∇zK)((φg! ◦ J)x, y, w, t).
Since K is pure, thus from the above equation yields
(∇(φ
g!
◦J)xK)(y, z, w, t) = −(∇yK)(z, x, w, (φg! ◦ J)t)− (∇zK)(x, y, w, (φg! ◦ J)t),
and also, we get
(∇xK)((φg! ◦ J)y, z, w, t) = (∇xK)(y, z, w, (φg! ◦ J)t).
Using (6.2) and two last equations in (6.3), we conclude the assertion. 
Proposition 6.3. Let (G, ⋄, eΦ,Φ, J, 〈·, ·〉) be a left-invariant holomorphic Norden Hom-Lie group (or,
(g!, [·, ·]g! , φg! , J, 〈, 〉) be a holomorphic Norden Hom-Lie algebra) such that J is a left-invariant abelin
complex structure (or, an abelian complex structure). Then we have
∇φ
g!
(x) ◦ ∇y = ∇φ
g!
(y) ◦ ∇x,
for any x, y ∈ g!.
Proof. Using Proposition 4.8, we can write
(∇φ
g!
(x)∇y)z =
1
2
∇φ
g!
(x)([y, z]g! − (φg ◦ J)[y, (φg! ◦ J)z]g!) =
1
4
([φg!(x), [y, z]g! − (φg ◦ J)[y, (φg! ◦ J)z]g! ]g!
− (φg! ◦ J)[φg!(x), (φg! ◦ J)[y, z]g! ]g! − (φg! ◦ J)[φg!(x), [y, (φg! ◦ J)z]g! ]g!).
Applying (4.7) in the above equation yields
(∇φ
g!
(x)∇y)z =
1
4
([φg!(x), [y, z]g! ]g! − [(φg! ◦ J)(φg!(x)), [(φg! ◦ J)y, z]g! ]g!
+ (φg! ◦ J)[(φg! ◦ J))φg!(x)), [(φg! ◦ J)y, (φg! ◦ J)z]g! ]g! − (φg! ◦ J)[φg!(x), [y, (φg! ◦ J)z]g! ]g!).
Similarly, we get
(∇φ
g!
(y)∇x)z =
1
4
([φg!(y), [x, z]g! ]g! − [(φg! ◦ J)(φg!(y)), [(φg! ◦ J)x, z]g! ]g!
+ (φg! ◦ J)[(φg! ◦ J))φg!(y)), [(φg! ◦ J)x, (φg! ◦ J)z]g! ]g! − (φg! ◦ J)[φg!(y), [x, (φg! ◦ J)z]g! ]g!).
Subtracting two above equations and using the Hom-Jacobi identity, we obtain
(∇φ
g!
(x)∇y −∇φ
g!
(y)∇x)z =
1
4
(−[φg!(z), [x, y]g! ]g! + [φg!(z), [(φg! ◦ J)x, (φg! ◦ J)y]g! ]g!
− (φg! ◦ J)[(φg! ◦ J))φg! (z)), [(φg! ◦ J)x, (φg! ◦ J)y]g! ]g! + (φg! ◦ J)[φg!(z), [x, (φg! ◦ J)y]g! ]g!).
From (4.7) and the last equation, we deduce the assertion. 
A Hom-Left-symmetric algebra is a Hom-algebra (V, ·, φV ) such that
(6.4) assφV (u, v, w) = assφV (v, u, w),
where
assφV (u, v, w) = (u · v) · φV (w) − φV (u) · (v · w),
for any u, v, w ∈ V . This relation is equivalent to the vanishing of the curvature of (V, ·, φV ) with the
commutator on V is given by [u, v]V = u · v − v · u.
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A Hom-algebra (V, ·, φV ) is called Hom-Lie-admissible algebra if its commutator bracket satisfies the
Hom-Jacobi identity. For a Hom-Lie-admissible algebra we have 	u,v,w K(u, v)w = 0. If (V, ·, φV ) is
a Hom-Lie-admissible algebra, then (V, [·, ·]V , φV ) is a Hom-Lie algebra, where [·, ·]V is the commutator
bracket.
Proposition 6.4. A Hom-Left-symmetric algebra is a Hom-Lie-admissible algebra.
Theorem 6.5. Any left-invariant holomorphic Norden Hom-Lie group (G, ⋄, eΦ,Φ, J, 〈·, ·〉) is a flat Hom-
Lie group (or, holomorphic Norden Hom-Lie algebra (g!, [·, ·]g! , φg! , J, 〈·, ·〉) carries a Hom-Left-symmetric
algebra) if J is an abelian complex structure.
Proof. To prove, sufficient we show that K(x, y)z = 0, for any x, y, z ∈ g!. Using (4.1) and (4.8), we
conclude that
K((φg! ◦ J)x, (φg! ◦ J)y)z = −K(x, y)z.(6.5)
On the other hand, Proposition 6.3 implies
K((φg! ◦ J)x, (φg! ◦ J)y)z = −∇[(φ
g!
◦J)x,(φ
g!
◦J)y]
g!
φg! = −∇[x,y]
g!
φg! = K(x, y)z.
From the above equations we conclude the assertion. 
Example 6.6. We consider a holomorphic Norden Hom-Lie algebra (g, [·, ·]g, φg, J, 〈·, ·〉) in Example
(4.10). For the Hom-Levi-Civita connection ∇, we get
∇∇eiejφg(ek)−∇φg(ei)∇ej ek = 0 = ∇∇ej eiφg(ek)−∇φg(ej)∇eiek, ∀i, j, k = 1, · · · , 6,
expect
∇∇e5e5φg(e5)−∇φg(e5)∇e5e5 = −
1
2
e1 = ∇∇e5e5φg(e5)−∇φg(e5)∇e5e5,
∇∇e5e5φg(e6)−∇φg(e5)∇e5e6 =
1
2
e2 = ∇∇e5 e5φg(e6)−∇φg(e5)∇e5e6,
∇∇e5e6φg(e5)−∇φg(e5)∇e6e5 = −
1
2
e2 = ∇∇e6e5φg(e5)−∇φg(e6)∇e5e5,
∇∇e5e6φg(e6)−∇φg(e5)∇e6e6 = −
1
2
e1 = ∇∇e6e5φg(e6)−∇φg(e6)∇e5e6,
∇∇e6e6φg(e5)−∇φg(e6)∇e6e5 =
1
2
e1 = ∇∇e6 e6φg(e5)−∇φg(e6)∇e6e5,
∇∇e6e6φg(e6)−∇φg(e6)∇e6e6 = −
1
2
e2 = ∇∇e6e6φg(e6)−∇φg(e6)∇e6e6.
The above equations imply (6.4) holds. Therefore the holomorphic Norden Hom-Lie algebra (g!, [·, ·], φg! , J, 〈·, ·〉)
has a Hom-Left-symmetric algebra structure.
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